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ABSTRACT
In the framework of the two-form gravity, which is classically equivalent to
the Einstein gravity, the one-loop effective potential for the conformal factor
of metric is calculated in the finite volume and in the finite temperature by
choosing a temporal gauge condition. There appears a quartically divergent
term which cannot be removed by the renormalization of the cosmological
term and we find there is only one non-trivial minimum in the effective
potential. If the cut-off scale has a physical meaning, e.g. the Planck scale
coming from string theory, this minimum might explain why the space-time
is generated, i.e. why the classical metric has a non-trivial value.
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1 Introduction
Although the classical theory of the Einstein gravity is simple and successfully
describes the nature, we encounter the many serious problems when we try
to construct a quantum theory of gravity. One of these problems is that
the action of the Einstein gravity is not renormalizable. This might suggest
that the Einstein gravity theory is an effective theory obtained from a more
fundamental theory, e.g. string theory. Two-form gravity theory is known to
be classically equivalent to the Einstein gravity theory and is obtained from a
topological field theory, which is called BF theory [1], by imposing constraint
conditions [2]. The characteristic feature of the BF theory is that the system
has the Kalb-Ramond symmetry [3], which is a large local symmetry. The
Kalb-Ramond symmetry can be considered to reflect the stringy structure of
the fundamental gravity theory [4].
In this paper, we calculate, in the framework of the two-form gravity, the
one-loop effective potential for the conformal factor of the metric in the finite
volume and in the finite temperature by choosing a temporal gauge fixing
condition. In the effective potential, there appears a quartically divergent
term which cannot be removed by the renormalization of the cosmological
term. We also find that there is only one non-trivial minimum in the effective
potential, which might explain why the space-time is generated, i.e. why the
classical metric has a non-trivial value if the cut-off scale has a physical
meaning, e.g. the Planck scale coming from string theory.
In the next section, we explain the action of the two-form gravity and
clarify the gauge symmetries of the system. In section 3, we fix the gauge
symmetries and expand the action around a classical solution. The measures
which keeps the gauge symmetries and the action of the ghost fields are given
in section 4. In section 5, the one-loop effective potential for the conformal
factor of metric is calculated. The last section is devoted to the summary.
2 Two-Form Gravity Action
We start with the following action which describes a topological field theory
called BF theory [1]:
S =
∫
d4x
1
2
ǫµνλρ
(
Baµν(x)R
a
λρ(x) + B¯
a
µν(x)R¯
a
λρ(x)
)
. (1)
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Here Baµν(x) and B¯
a
µν(x) are two-form fields and R
a
µν(x) and R¯
a
µν(x) are SU(2)
field strength (a denotes an SU(2) index a = 1, 2, 3) given by the SU(2) gauge
fields A and A¯:
Raµν = ∂µA
a
ν − ∂νAaµ + gǫabcAbµAcν , R¯aµν = ∂µA¯ν − ∂νA¯µ + gǫabcA¯bµA¯cν . (2)
Here g is a gauge coupling constant. The gauge fields A and A¯ are identified
with spin connections. The action (1) has SU(2) × SU(2) gauge symmetry
corresponding to local Lorentz symmetry SO(4) ∼ SU(2)× SU(2). Besides
SU(2)×SU(2) gauge transformation, the action is invariant under the Kalb-
Ramond symmetry transformation [3]:
{
Aaµ → Aaµ
Baµν → Baµν +∇abµ Λbν −∇abν Λbµ , (3){
Aaµ → Aaµ
Baµν → Baµν +∇abµ Λbν −∇abν Λbµ . (4)
Here the covariant derivative ∇abµ is defined by ∇abµ Λbν = ∂µΛaν + ǫabcAbµΛcν .
The action (1) is known to be equivalent to the Einstein action if we
impose the following constraints [2]:
ǫµνλρ(BaµνB
b
λρ −
1
3
δabBcµνB
c
λρ) = 0 , (5)
ǫµνλρ(B¯aµνB¯
b
λρ −
1
3
δabB¯cµνB¯
c
λρ) = 0 , (6)
ǫµνλρBaµνB¯
b
λρ = 0 . (7)
In the following, we only consider the chiral part of the theory, which is given
by Baµν and A
a
µ, since the anti-chiral part given by B¯
a
µν and A¯
a
µ is a copy of
chiral part and the two parts are decoupled with each other.
We impose the constraint (5) by a multiplier field φab:
S =
∫
d4x
1
2
ǫµνλρ
(
Baµν(x)R
a
λρ(x) + φ
ab(x)(BaµνB
b
λρ −
1
3
δabBcµνB
c
λρ)
)
. (8)
The action (8) is not invariant under the Kalb-Ramond transformation (3)
but we can keep the symmetry by introducing a new field Gaµ, which is
transformed by
δGaµ = Λ
a
µ (9)
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and by modifying the action:
S =
∫
d4xǫµνρσ
[
BaµνR
a
ρσ
+φab{(Baµν −∇µGaν +∇νGaµ)(Bbρσ −∇ρGbσ +∇σGbρ) (10)
−1
3
δab(Bcµν −∇µGcν +∇νGcµ)(Bcρσ −∇ρGcσ +∇σGcρ)}
]
.
We can also consider the cosmological term
Scosmo =
∫
d4xΛǫµνρσ(Baµν −∇µGaν +∇νGaµ)(Baρσ −∇ρGaσ +∇σGaρ) . (11)
3 Gauge Fixing
The actions (10) and (11) have the following local symmetries: 1. the Kalb-
Ramond symmetry, 2. SU(2) gauge symmetry, which is the chiral part of
the local Lorentz symmetry, 3. general covariance. The condition
Gaµ = 0 (12)
fixes the Kalb-Ramond symmetry. This gauge condition (12) does not gen-
erate any ghost action. We also fix the SU(2) gauge symmetry by choosing
the temporal gauge condition:
Aa4 = 0 . (13)
In the usual gauge theory, the ghost corresponding to the temporal gauge
(13) does not contribute to the physical amplitude since the corresponding
Jacobian is a c-number. In the two-form gravity theory, however, the Jaco-
bian depends on the space-time metric, as we will see later, and there are
contributions from the ghost fields to the physical amplitude.
When the cosmological constant Λ vanishes Λ = 0, a solution of the
equations of motion derived from the action (10) is given by
Baµν = ϕ
2ηaµν , other fields = 0 (14)
Here ϕ is a constant, which cannot be determined from the equations of
motion, and ηaµν is the ’t Hooft symbol [5] which is defined by,
ηaµν =


ǫaµν µ, ν = 1, 2, 3
δaµ ν = 4
−δaν µ = 4
(15)
4
In the following, we calculate the radiative correction [6] of the effective
potential for ϕ by expanding the action around the solution (14) and keeping
the quadratic terms:
S ∼
∫
d4x[2gϕ2(AaaA
b
b −AabAba)− 2ǫijkbaij∂4Aak + 4ǫijkbai4∂jAak
+ϕ2φab{2baijǫijb + 2bbijǫija + 4bab4 + 4bba4
−1
3
δab(4bcijǫ
ijc + bcc4)}] . (16)
Here baµν is defined by B
a
µν = ϕ
2ηaµν + b
a
µν . The action (16) is invariant under
a global SU(2) symmetry. The global SU(2) symmetry is the diagonal part
of the SU(2) symmetry coming from the SU(2) gauge symmetry and the
SU(2) ∼ SO(3) symmetry of the rotation in the three dimensional space.
We can now decompose baµν and A
a
b into the diagonal SU(2) spin 0, 1 and 2
components: 

2baijǫ
ijb = δabh+ ǫabchc + hab
4bai4 = δ
aie + ǫaicec + eai
Aab = δ
aba + ǫabcac + aab
. (17)
By partial integration and the redefinition of the fields, the action (16) is
rewritten by,
S ∼
∫
d4x[12gϕ2a˜2 + 4gϕ2a˜aa˜a − 2gϕ2a˜aba˜ab
− 3
16gϕ2
(∂4h˜)
2 − 1
4gϕ2
(∂4h˜
a)2 +
1
8gϕ2
(∂4h˜
ab)2
−8gϕ6(∂−14 φ˜ab)2
+
1
8gϕ2
{( 1
2
∂ae
b + ∂be
a − 2
3
δab∂ce
c)
+
1
2
(ǫdcb∂ce
ad + ǫdca∂ce
bd)− ∂4eab }2 . (18)
The redefined fields are given by
a˜ = a+
1
8gϕ2
∂4h− 1
12gϕ2
∂ae
a
a˜a = aa +
1
4gϕ2
∂4a
a +
1
4gϕ2
∂ae +
1
8gϕ2
ǫabc∂be
c − 1
16gϕ2
(∂ce
ca + ∂ce
ac)
5
a˜ab = aab − 1
4gϕ2
∂4h
ab − 1
4gϕ2
(
∂ae
b + ∂be
a − 2
3
δab∂ce
c
)
+
1
4gϕ2
(ǫdcb∂ce
ad + ǫdca∂ce
bd)
h˜ = h− 2
3
∂−14 ∂ae
a
h˜a = ha + ∂−14
{
∂ae +
1
2
ǫabc∂be
c − 1
4
(∂ce
ca + ∂ce
ac)
}
h˜ab = hab − ∂−14
{1
2
[
∂ae
b + ∂be
a − 2
3
δab∂ce
c − (ǫdcb∂cead + ǫdca∂cebd)
]
−8gϕ4∂−14 φab
}
φ˜ab = φab − ∂4
{ 1
16gϕ4
(
∂ae
b + ∂be
a − 2
3
δab∂ce
c − ǫdcb∂cead − ǫdca∂cebd
)
+
1
8gϕ4
∂4e
ab
}
. (19)
Under the general coordinate transformation δxµ = ǫµ, baµν transform as
δbaµν = ϕ
2(∂µǫ
ρηaρν + ∂νǫ
ρηaµρ) + ǫρ∂ρb
a
µν + ∂µǫ
ρbaρν + ∂νǫ
ρbaµρ (20)
since δBaµν = ǫ
ρ∂ρB
a
µν + ∂µǫ
ρBaρν + ∂νǫ
ρBaµρ. Note that there appear inhomo-
geneous terms in Eq.(20). Therefore we can fix the local symmetry of the
general coordinate transformation by choosing the following conditions:
e = ea = 0 . (21)
This gauge condition is a kind of temporal gauge since e and ea are parts
of bai4 (17). Then the action has the following form (the actions of the ghost
fields are given in the next section.):
S ∼
∫
d4x[12gϕ2a˜2 + 4gϕ2a˜aa˜a − 2gϕ2a˜aba˜ab
− 3
16gϕ2
(∂4h˜)
2 − 1
4gϕ2
(∂4h˜
a)2 +
1
8gϕ2
(∂4h˜
ab)2
−8gϕ6(∂−14 φ˜ab)2
+
1
32gϕ2
{(ǫdcb∂cead + ǫdca∂cebd)− 2∂4eab}2] . (22)
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After the partial integration, the last term can be decomposed orthogonally
as follows: ∫
d4x[{(ǫdcb∂cead + ǫdca∂cebd)− 2∂4eab}2]
=
∫
d4x[eab{−(2△+ 4∂24)I + A+B}ecd]
=
∫
d4x[eab{−4∂24M1 − (△+ 4∂24)M2 − 4∂24M3
−(4△+ 4∂24)M4}(ab)(cd)ecd] (23)
(△ =
3∑
a=1
∂a∂a , Mi Mj = δijMi)
Mi’s are given in Appendix A.
4 Measure and Ghost Actions
We now determine the measures of the fields, which preserves the SU(2)
gauge symmetry and the general covariance, by
(δBaµν)
2 =
∫
d4xǫµνρσδBaµνδB
a
ρσ
(δAaµ)
2 =
∫
d4xǫµνρσǫabcBaµνδA
b
ρδA
c
σ
(δφab)2 =
∫
d4xǫµνρσBaµνB
a
ρσδφ
bcδφbc . (24)
In the following, we impose the periodic boundary conditions for xi with the
periods L: ∫
L3
d3x ≡
∫ +L
2
−L
2
dx
∫ +L
2
−L
2
dy
∫ +L
2
−L
2
dz (25)
Since Baµν ∼ ϕ2ηaµν i.e. eAµ ∼ ϕδAµ (A = 1, · · · , 4), we find ds2 ∼
ϕ2
∑
µ=1,···,4 dx
µdxµ. Therefore the volume of the universe is given by (ϕL)3,
which can be determined if the effective potential of ϕ has non-trivial
minimum. By defining new coordinates x˜µ by xµ = ϕ−1x˜µ, which gives
ds2 ∼ ∑µ=1,···,4 dxµdxµ, the measures in Eq.(24) can be rewritten by
(δBaµν)
2 ∼ ϕ−4
∫
(ϕL)3
d3x˜
∫ 1
kT
0
dx˜4ǫµνρσδBaµνδB
a
ρσ
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(δAaµ)
2 ∼ ϕ−2
∫
(ϕL)3
d3x˜
∫ 1
kT
0
dx˜4ǫµνρσǫabcηaµνδA
b
ρδA
c
σ
(δφab)2 ∼
∫
(ϕL)3
d3x˜
∫ 1
kT
0
dx˜4ǫµνρσηaµνη
a
ρσδφ
bcδφbc (26)
Here we have replaced Baµν by ϕ
2ηaµν and neglected higher order terms with
respect to the power of fields. We also impose the periodic boundary condi-
tion for x˜4 with period 1/kT (k is the Boltzman constant.), i.e. we are now
considering the field theory in the finite temperature T .
If we redefine the fields by
Bˆaµν = ϕ
−2Baµν (→ e, h) , (27)
Aˆaµ = ϕ
−1Aaµ (→ a) , (28)
φˆab = φab , (29)
the ϕ dependence in the measures is absorbed and the action (22) has the
following form
S =
∫
(ϕL)3
d3x˜
∫ 1
kT
0
dx˜4
×
[
12gaˆ2 + 4gaˆaaˆa − 2gaˆabaˆab
− 3
16g
(∂˜4hˆ)
2 − 1
4g
(∂˜4hˆ
a)2 +
1
8g
(∂˜4hˆ
ab)2
−8g(∂˜−14 φˆab)2
+
1
32g
eˆab{−4∂˜24M1 − (△˜+ 4∂˜24)M2 − 4∂˜24M3
−(4△˜+ 4∂˜24)M4}(ab)(cd)eˆcd
]
. (30)
Note that there does not appear ϕ dependence in the Lagrangean density in
the action (30).
We now consider the actions and measures for the ghost fields. By using
a vector kµ = (0, 0, 0, 1), the gauge fixing conditions (13) and (21) can be
rewritten as follows,
Aa4 = k
τAaτ = 0 (31)
Gµ = kτǫµνρσηaνρb
a
τσ ≈ kτǫµνρσBaνρbaτσ = 0 . (32)
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Since the inhomogeneous terms under the SU(2) gauge transformation and
the general coordinate transformation is given by
δAa4 = ∂4θ
a + · · · (33)
δbaµν = ϕ
2(ηaρν∂µǫ
ρ + ηaµρ∂νǫ
ρ) + · · · , (34)
we find that the actions and measures of the (anti-)ghost fields (ra, ca),
(pα, q
α) are given by
Sghost ∼
∫
d4x {ǫµνρσBaµνBaρσkτrb∂τ cb
+pµk
τǫµνρσBaµν(B
a
βσ∂τq
β +Baτβ∂σq
β)}
∼ ϕ4
∫
d4x{ǫµνρσηaµνηaρσkτrb∂τ cb
+pµk
τǫµνρσηaµν(η
a
βσ∂τq
β + ηaτβ∂σq
β)} (35)
Mghost ∼
∫
d4x{ǫµνρσBaµνBaρσ(δrbδcb + δpαδqα)}
∼ ϕ4
∫
d4x(δraδca + δpαδq
α) . (36)
Here we have kept only quadratic terms with respect to (anti-)ghost fields.
By using the coordinate system {x˜µ} and redefining the ghost fields (pα, qα)
by pα = ϕpˆα and q
α = ϕ−1qˆα, the ϕ dependence of measures is absorbed and
we obtain
Sghost ∼ ϕ
∫
d4x˜{ǫµνρσηaµνηaρσkτrb∂˜τ cb
+pˆµk
τǫµνρσηaµν(η
a
βσ∂˜τ qˆ
β + ηaτβ∂˜σ qˆ
β)} (37)
Mghost ∼
∫
d4x˜(δraδca + δpˆαδqˆ
α) . (38)
By redefining qˆ4 → qˆ4 − 13 ∂˜−14 ∂˜a qˆa, the second term in the action (37) is
rewritten by
− 2ϕ
∫
d4x˜{pˆ4 ( 3∂˜4qˆ4) + pˆi ( ∂˜4qˆi + ǫiaσ∂˜σ qˆa)} . (39)
The one-loop contribution of ghost and anti-ghost fields (pα, qα) and
(ra, ca) to the effective potential can be evaluated by using the following
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formula: ∫
dβdγe
∫
d4x˜βDγ = detD = {detD} 12{detD} 12
= {detD} 12{detTD} 12
= e
1
2
Tr lnD TD
=
∫
dβdβ¯e
∫
d4x˜βD TDβ¯ (40)
Here (β, γ) represents (pα, qα) and (r
a, ca). (D = ϕ∂˜4 for (p
α, qα) and D =
Dab = ϕ(∂˜4δ
a
b + ǫ
abσ∂˜σ) for (r
a, ca).) The explicit form of D TD for (ra, ca),
which can be orthogonally decomposed, is given in Appendix B.
5 Effective Potential
The one-loop contributions of any fields to the effective potential take the
form of Tr ln{A△ + B∂24}, which is quartically divergent. We evaluate this
quantity by using the following regularization:
F (a, b;α, β; ǫ)
=
+∞∑
n1,n2,n3,m=−∞
(n1,n2,n3,m6=0)
ln{a(n21 + n22 + n23) + bm2}e−ǫ{α(n
2
1+n
2
2+n
2
3)+βm
2} . (41)
Here ǫ is a cut-off parameter for the regularization and the c-number coeffi-
cients α and β are chosen so as to keep the invariance of the local symmetry
. By using the following formulae,
lnQ = − ∂
∂ξ
1
Γ(ξ)
∫ ∞
0
dssξ−1e−Qs
∣∣∣
ξ=0
(42)
ϑ3(υ, τ) =
∞∑
n=−∞
(eτπi)n
2
(eυπi)2n , (43)
Eq.(41) is rewritten by
F (a, b;α, β; ǫ) = − ∂
∂ξ
[ ǫξ
Γ(ξ)
∫ ∞
0
dt tξ−1 (44)
×
{
ϑ3(0,
i
π
ǫ(at + α))3ϑ3(0,
i
π
ǫ(bt + β))− 1
}]∣∣∣
ξ=0
.
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Since the theta function ϑ3(0,
ix
π
) has the following properties,


limx→∞ ϑ3(0,
ix
π
) = 1
ϑ3(0,
ix
π
) = (π
x
)1/2ϑ3(0,
π
x
i)
x→0→ (π
x
)1/2 + o(xn)
, (45)
we can use the following approximation if we are interested in the leading
term with respect to the cut-off parameter ǫ:
F (a, b;α, β; ǫ) ∼ − ∂
∂ξ
[
ǫξ
Γ(ξ)
∫ ∞
0
dt tξ−1
π2
ǫ2(at+ α)3/2(bt+ β)1/2
] ∣∣∣
ξ=0
. (46)
By changing the variable t = αs/a, we obtain
F (a, b;α, β; ǫ) ∼ − ∂
∂ξ
[ ǫξ−2π2
Γ(ξ)a3/2b1/2
(
α
a
)ξ−2
×
∫ ∞
0
ds
sξ−1
(s+ 1)3/2(s+ aβ/bα)1/2
]∣∣∣
ξ=0
. (47)
The integration
f(x, ξ) ≡
∫ ∞
0
ds sξ−1
1
(s+ 1)3/2(s+ x)1/2
(48)
is given by Gauss’ hypergeometric function:
f(x, ξ) =
π(1− ξ)
sin(πξ)
F(2− ξ, 1
2
, 2; 1− x) . (49)
By expanding f(x, ξ) with respect to ξ, we find
f(x) =
[
1
ξ
sξ
1
(s+ 1)3/2(s+ x)1/2
]∞
s=0
∣∣∣
ξ=0
−1
ξ
∫ ∞
0
sξ
{
−3
2
1
(s+ 1)5/2(s+ x)1/2
− 1
2
1
(s+ 1)3/2(s+ x)3/2
} ∣∣∣
ξ=0
≈ −1
ξ
∫ ∞
0
ds (1 + ξ ln s+O(ξn)) { }
∣∣∣
ξ=0
≡ f−1(x)ξ−1 + f0(x)ξ0 + f1(x)ξ + · · · (50)
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f−1 is given by the incomplete beta function Bz(p, q). (Explicit form for f−1
is given in Appendix C. By using Eq.(50), we find the following expression
of F (a, b;α, β; ǫ):
F (a, b;α, β; ǫ) ∼ − ∂
∂ξ

 (1 + ξ ln ǫ+O(ξn))π2
(1
ξ
− γ +O(ξn))a3/2b1/2
(
α
a
)ξ−2
f(
aβ
bα
)

 ∣∣∣
ξ=0
=
−π2
ǫ2a3/2b1/2
(
α
a
)−2
×
{
f−1(
aβ
bα
)(ln
α
a
+ ln ǫ+ γ) + f0(
aβ
bα
)
}
. (51)
In order to determine the coefficients α and β, which are the parameters
for the regularization, we consider actions invariant under the general coor-
dinate transformation. In case of the anti-ghost field ra, the invariant action
is given by, ∫
d4x
√−ggµν∂µr¯a∂νra ∼
∫
d4x˜ηµν ∂˜µr¯
a∂˜νr
a . (52)
Here r¯a is an anti-self-dual partner of ra in Eq.(40). Since the eigenvalues of
△˜ and ∂˜24 are given by
△˜2 = −(2π)
2
L2ϕ2
(n21 + n
2
2 + n
2
3) (53)
∂˜24 = −(2πkT )2m2 , (54)
we find α and β corresponding to ra,
α =
(2π)2
L2ϕ2
, β = (2πkT )2 . (55)
In a similar way, we find the actions of (pα , p¯α), B
a
αβ and φ
ab
∫
d4x
√−ggµνgρσDµpρDν p¯σ ∼
∫
d4x˜ǫµνρσ∂˜µpˆρ∂˜ν ˆ¯pσ (56)∫
d4xgµνǫαβγδ∂µb
a
αβ∂νb
a
γδ ∼
∫
d4x˜ηµνǫαβγδ ∂˜µbˆ
a
αβ ∂˜ν bˆ
a
γδ (57)∫
d4x
√−ggµν∂µφab∂νφab ∼
∫
d4x˜ηµν ∂˜µφ
ab∂˜νφ
ab (58)∫
d4xǫαβγδ∂αA
a
β∂γA
a
δ ∼
∫
d4x˜ǫαβγδ ∂˜αAˆ
a
β∂˜γAˆ
a
δ (59)
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and the coefficients α and β
α =
(2π)2
L2ϕ2
, β = (2πkT )2 . (60)
By considering the contributions from all the fields, we find that the effective
potential has the following form:
V (ϕ, T ) ∼ (Lϕ)
3
ǫ2kT
{
C1 ln(µ
2ǫ) + C2 lnϕ
2 + c−number
}
. (61)
Here µ is a renormalization point. Note that only ghosts can contribute to
the coefficients C2. If C2 = 0, the quartically divergent part of the effective
potential can be removed by the renormalization of the cosmological constant
and the potential would not have any physical meaning. C2 6= 0 means that
there is a divergence which cannot be renormalized and there is a kind of
anomaly. If the cut-off scale has any physical meaning, e.g. Planck scale
coming from string theory, the effective potential would give the following
physical implication: The effective potential has only one non-trivial (ϕ 6= 0)
minimum. In the low temperature (T → 0), the minimum is deep and the
metric does not fluctuate. This means that the metric has a non-trivial classi-
cal value. On the other hand, in the high temperature, the effective potential
is flat and the fluctuation of the space-time metric is large. Therefore this
effective potential might explain why there is the universe at present.
6 Summary
In the framework of two-form gravity, which is classically equivalent to Ein-
stein gravity, we have calculated the one-loop effective potential for the con-
formal factor of metric in the finite volume and in the finite temperature
by choosing a temporal gauge fixing condition. There appears a quartically
divergent term which cannot be removed by the renormalization of the cos-
mological term and we have found a non-trivial minimum in the effective
potential. If the cut-off scale has any physical meaning, e.g. the Planck scale
coming from string theory, this minimum might explain why the space-time
is generated, i.e. why the classical metric has a non-trivial value.
The two-form gravity theory might be an low energy effective theory of
string theory since the Kalb-Ramond symmetry, which is characteristic to
the two-form gravity, is stringy symmetry [4].
13
Appendix A. Orthogonal Decomposition for
the Kinetic Terms of eab
By partially integrating
{ǫbdc∂ceˆad + ǫadc∂ceˆbd + 2∂4eˆab}2 , (62)
we obtain
eˆab{−(2△+ 4∂24)I(ab)(cd) + A(ab)(cd) +B(ab)(cd)}eˆcd . (63)
Here I, A and B are defined by,

I(ab)(cd) ≡ 12(δacδbd + δadδbc)− 13δabδcd
A(ab)(cd) ≡ 12(δac∂b∂d + δad∂b∂c + δbc∂a∂d + δbd∂a∂c)
−2
3
(δcd∂a∂b + δ
ab∂c∂d) +
2
9
δabδcd△
B(ab)(cd) ≡ ǫbceǫadf∂e∂f + ǫaceǫbdf∂e∂f
+2
3
(δcd∂a∂b + δ
ab∂c∂d)− 89δabδcd△
. (64)
If we define
C(ab)(cd) ≡ ∂a∂b∂c∂d − 1
3
(∂a∂bδ
cd△+ δab∂c∂d△) + 1
9
δabδcd△2 , (65)
I, A, B and C satisfy the following algebra:

A2 = △A+ 2
3
C AB = BA = 4
3
C
B2 = 4△I − 4△A+ 8
3
C BC = CB = 2
3
△C
C2 = 2
3
△2C CA = AC = 4
3
△C
(66)
tr I = I(ab)(cd) = 5 , tr A =
10
3
△ , trB = −10
3
△ , tr C = 2
3
△2 . (67)
If we define Mi’s by
M1 ≡ 3
2△2C , M2 ≡
1
△(A−
2
△C) , M3 ≡
1
△(B − 2A+ 2△I) ,
M4 ≡ − 1
4△(B + 2A− 2△I −
2
△C) , (68)
Mi’s satify the equation MiMj = δ
ijMi and we find
f(
4∑
i=1
αiM
i) =
4∑
i=1
f(αi)M
i (69)
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for arbitrary function f(x). By using M , we can express I, A, B and C by


I = M1 +M2 +M3 +M4
A = △(M2 + 43M1)
B = 2△(M3 −M4 + 13M1)
C = 2
3
△2M1
, (70)
and we obtain the following orthogonal decomposition
M = −2(△+ 4∂24)I + A +B
= −4∂24M1 − (△+ 4∂24)M2 − ∂24M3 − (4△+ 4∂24)M4 (71)
trM1 = 1 , trM2 = 2 , trM3 = 0 , trM4 = 2 . (72)
Appendix B. Orthogonal Decomposition for
the Kinetic Terms of ra
In order to evaluate (Dab ≡ ∂˜4δab + ǫabc∂˜c),∫
dpdq e{p
aDa
b
qb} = detDab = {detD}
1
2{detD} 12
= {det D} 12{detTD} 12
= e
1
2
Tr ln D TD , (73)
we orthogonalize D TD, which is explicitly given by
Dab
TDbc = −∂24δac + ǫacd∂˜4∂˜d − ǫacd∂˜4∂˜d + ǫabdǫbce∂˜d∂˜e
= −∂˜4δac + ∂˜c∂˜a − δac△˜ . (74)
If we define
N
(1)
(ab) =
1
△˜ ∂˜a∂˜b , N
(2)
(ab) = δab −
1
△˜ ∂˜a∂˜b , (75)
N (i)’s satisfy the following relation:
N (1)N (2) = 0 , N (1)N (1) = N (1) , N (2)N (2) = N (2) (76)
and we find
Dab
TDbc = −∂˜24N (1)(ac) − (△˜+ ∂˜24)N (2)(ac) . (77)
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Appendix C. The Evaluation of the Function
f(x, ξ)
The incomplete beta function is defined by
Bz(p, q) ≡
∫ z
0
dt tp−1(1− t)q−1 . (78)
By changing the variable t = s/(s+ 1), we obtain
Bz(p, q) =
∫ z
1−z
0
ds = B(p, q)−
∫ ∞
z
1−z
ds
sp−1
(1 + s)p+q
. (79)
The change of the variable s→ z(1 + s)/(1− z) gives
Bz(p, q) = B(p, q)−
∫ ∞
0
ds
(s+ z
1−z
)p−1
(s+ 1
1−z
)p+q
= B(p, q)−
∫ ∞
0
ds(1− z)q 1
(s+ z)1−p(s+ 1)p+q
(80)
and we find∫ ∞
0
1
(s+ z)1−p(s+ 1)p+q
=
1
(1− z)q (B(p, q)−Bz(p, q)) (81)
and
f−1 =
1
(1− x)2
{
−3
2
(
B(
1
2
, 2)− Bz(1
2
, 2)
)
−1
2
(
B(−1
2
, 2)−Bz(−1
2
, 2)
)}
. (82)
The function f(x, ξ), which is defined by
f(x, ξ) ≡
∫ ∞
0
ds sξ−1
1
(s+ 1)3/2(s+ x)1/2
=
∫ ∞
0
ds sξ−1(s+ 1)−2
(
1 +
x− 1
s+ 1
)−1/2
(83)
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can be expressed by Gauss’ hypergeometic function. By using the binomial
expansion and the definition of the beta function
(1 + x)α =
∞∑
n=0
Γ(α + 1)
Γ(α− n + 1)Γ(n+ 1)x
n (84)
B(p, q) =
Γ(p)Γ(q)
Γ(p + q)
=
∫ ∞
0
dt
tp−1
(1 + t)p+q
, (85)
we obtain the following expression
f(x) =
∞∑
n=0
∫ ∞
0
ds sξ−1 (s+ 1)−n−2
Γ(1
2
)
Γ(1
2
)Γ(n+ 1)
(x− 1)n
=
∞∑
n=0
Γ(ξ)Γ(−ξ + n+ 2)
Γ(n + 2)
Γ(1
2
)
Γ(1
2
− n)Γ(n+ 1)(x− 1)
n
=
Γ(ξ)Γ(1
2
)√
π
∞∑
n=0
Γ(2− ξ + n)Γ(n + 1
2
)
Γ(n+ 2)
(1− x)n
n!
. (86)
Here we have used a formula Γ(z+ 1
2
)Γ(1
2
−z) = π
cos πz
. By using the definition
of Gauss’ hypergeometric function
F(α, β, γ; z) = Γ(γ)
Γ(α)Γ(β)
∞∑
n=0
Γ(α+ n)Γ(β + n)
Γ(γ + n)
zn
n
, (87)
we obtain
f(x) =
Γ(ξ)Γ(1
2
)
π
Γ(2− ξ)Γ(1
2
)
Γ(2)
F(2− ξ, 1
2
, 2 ; 1− x)
=
π(1− ξ)
sin(πξ)
F(2− ξ, 1
2
, 2 ; 1− x) . (88)
Since F(2, 1
2
, 2; 1− x) = x−1/2, we obtain the following Taylor expansion:
f(x, ξ) =
x−1/2
ξ
+
{
−x−1/2 + ∂ξF(2− ξ, 1
2
, 2 ; 1− x)
∣∣∣
ξ=0
}
(89)
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